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Abstract. Let fl be a compact, orientable, three dimensional 
Riemannian manifold with boundary with nonnegative scalar cur- 
vature. Suppose its boundary dfl is the disjoint union of two 
pieces: and So, where consists of the unique closed mini- 
mal surfaces in f2 and Eo is metrically a round sphere. We obtain 
an inequality relating the area of to the area and the total 
mean curvature of So- Such an fl may be thought as a region, 
surrounding the outermost apparent horizons of black holes, in 
a time-symmetric slice of a space-time in the context of general 
relativity. The inequality we establish has close ties with the Rie- 
mannian Penrose Inequality, proved by Huisken and Ilmanen [9] 
and by Bray [5]. 



Let M be a complete, asymptotically flat 3-manifold with nonnega- 
tive scalar curvature. Suppose its boundary dM consists of the outer- 
most minimal surfaces in M. The Riemannian Penrose Inequality, first 
proved by Huisken and Ilmanen [9] for a connected dM, and then by 
Bray [5] for dM with any number of components, states that 



where ttiadm{M) is the ADM mass |lj of M and A is the area of dM. 
Furthermore, the equality holds if and only if M is isometric to a spatial 
Schwarzschild manifold outside its horizon. 

Motivated by the quasi-local mass question in general relativity (see 
0, [S], 0) etc.), we would like to seek a localized statement of the 
above inequality ([I]). To be precise, we are interested in a compact, 
orientable, 3-dimensional Riemannian manifold Q with boundary. We 
call Q a body surrounding horizons if its boundary dfl is the disjoint 
union of two pieces: So (the outer boundary) and (the horizon 
boundary), and Q satisfies the following assumptions: 

This research is supported in part by the Australian Research Council. 
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(a) So is topologically a 2-sphere. 

(b) Each component of S# is a minimal surface in Q. 

(c) There are no other closed minimal surfaces in Q. 

Physically, Q is to be thought as a finite region in a time-symmetric 
slice of a spacetime containing black holes and S# corresponds to the 
outermost apparent horizon of the black holes. In such a context, if the 
spacetime satisfies the dominant energy condition and ?71qm(So) repre- 
sents some quantity (to be defined) which could measure the quasi-local 
mass of Sq, then one would expect 



(2) m QM {^o) > 

In this paper, we are able to establish an equality of the above form 
for a special class of body surrounding horizons. Our main result is 

Theorem 1. Let Q be a body surrounding horizons whose outer bound- 
ary So is metrically a round sphere. Suppose Q has nonnegative scalar 
curvature and So has positive mean curvature. Then 

(3) m(£o) > ^/gjjf, 
where m(S ) is defined by 

(4) m(So) = f 

where |S#|, |So| are the area o/S#, So, H is the mean curvature of 
S (with respect to the outward normal) in Q, and da is the surface 
measure of the induced metric. When equality holds, So is a surface 
with constant mean curvature. 

We remark that, assuming ([3]) in Theorem [1] holds in the first place, 
one can derive ([1]) in the Riemannian Penrose Inequality. That is be- 
cause, by a result of Bray [I], to prove ([1]), one suffices to prove it for 
a special asymptotically flat manifold M which, outside some compact 
set K, is isometric to a spatial Schwarzschild manifold near infinity. On 
such an M, let Q be a compact region containing K such that its outer 
boundary So is a rotationally symmetric sphere in the Schwarzschild 
region. Applying Theorem [1] to such an Q and observing that, in this 
case, the quantity m(So) coincides with the Hawking quasi-local mass 
[8] of So, hence agrees with the ADM mass of M, we see that ([3]) 
implies ([T|). On the other hand, our proof of Theorem [1] does make 
critical use of ([!]). Therefore, ([3]) and ([!]) are equivalent. 
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Besides the Riemannian Penrose Inequality, Theorem [T] is also largely 
inspired by the following result of Shi and Tarn 



Theorem 2. (Shi- Tarn) LetQ be a compact, 3- dimensional Riemann- 
ian manifold with boundary with nonnegative scalar curvature. Sup- 
pose dQ has finitely many components Ej so that each £j has positive 
Gaussian curvature and positive mean curvature H (with respect to the 
outward normal), then 



(5) (p H da < (h H da, 

where H is the mean curvature of Ej (with respect to the outward 
normal) when it is isometrically imbedded in M 3 . Furthermore, equality 
holds if and only if dfl has only one component and Q is isometric to 
a domain in M. 3 . 

Let Q be given in Theorem [3 Suppose dfl has a component E which 
is isometric to a round sphere with area 47rJ? 2 , then 



(6) j H da = 8nR, 
and ([5]) yields 

(7) — I H da< R. 

Now suppose there is a closed minimal surfaces Eft in Cl such that 
Eft and E bounds a region Q which contains no other closed minimal 
surfaces in Q (by minimizing area over surfaces homologous to E, such 
a E/j always exists if dCl has more than one components). Applying 
Theorem [1] to Q, we have 

1 / r \ 2 ~ 

l 



167r|E 



IQty V 167T 
which can be equivalently written as 

(9) ^-i H da< y/R(R-R h ), 

where R = \J~^ and Rh = \j ^§^. Therefore, Theorem [1] may be 
viewed as a refinement of Theorem [2] in this special case to include the 
effect on E by the closed minimal surface in Q that lies "closest" to E. 

In general relativity, Theorem [2] is a statement on the positivity of 
the Brown- York quasi-local mass msy(c)f2) [Bj. Using the technique of 
weak inverse mean curvature flow developed by Huisken and Ilmanen 
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[9], Shi and Tarn [15] further proved that m,BY(dCl) is bounded from 
below by the Hawking quasi- local mass m#(<9f2). Suggested by the 
quantity m(So) in Theorem [TJ we find some new geometric quanti- 
ties associated to dQ, which are interestingly between 7ney(<9f2) and 
mnidfl) (hence providing another proof of mBy(9fi) > m#(<9f2).) We 
include this discussion at the end of the paper. 

This paper is organized as follows. In Section [2J we review the ap- 
proach of Shi and Tarn in [H] since it plays a key role in our derivation 
of Theorem [IJ The detailed proof of Theorem [1] is given in Section [3j 
In Section [37TI we establish a partially generalized Shi- Tarn monotonic- 
ity In Section 13.21 we make use of the Riemannian Penrose Inequality. 
In Section m we give some discussion on quasi-local mass. In particu- 
lar, we introduce two quantities motivated by Theorem [1] and compare 
them with the Brown- York quasi- local mass m^y(S) and the Hawking 
quasi- local mass (£). 

Acknowledgement: The author wants to thank professor Hubert Bray 
for the helpful discussion leading to Section 4. 

2. Review of Shi-Tam's approach 

In [H], Shi and Tarn pioneered the idea of using results on asymp- 
totically flat manifolds to study compact manifolds with boundary. We 
briefly review their approach in this section. 

Let Cl be given in Theorem [2j For simplicity, we assume dCl has only 
one component S. Since £ has positive Gaussian curvature, E can be 
isometrically imbedded in R 3 as a strictly convex surface [11] . On the 
region E exterior to X, the Euclidean metric go can be written as 

(10) go = dp 2 + g p , 

where g p is the induced metric on each level set S p of the Euclidean 
distance function p to E. Motivated by the quasi-spherical metric con- 
struction of Bartnik [3 J , Shi and Tarn showed that there exists a positive 
function u defined on E such that the warped metric 

(11) g u = u 2 dp 2 + g p 

has zero scalar curvature, is asymptotically flat and the mean curvature 
of S in (E, g u ) (with respect to the oo-pointing normal) agrees with the 
mean curvature of £ in Q. Furthermore, as a key ingredient to prove 
their result, they showed that the quantity 

(12) / (H Q - H u ) da 
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is monotone non- increasing in p, and 



(13) lim (p (H - H u ) da = 8irm A DM(gu), 

where H , H u are the mean curvature of E p with respect to g , g u , 
and rriADMigu) is the ADM mass of g u . Let M be the Riemannian 
manifold obtained by gluing (E, g™) to Q along E. The metric on M is 
asymptotically flat, has nonnegative scalar curvature away from E, is 
Lipschitz near E, and the mean curvatures of E computed in both sides 
of E in M (with respect to the oo-pointing normal) are the same. By 
generalizing Witten's spinor argument |16| . Shi and Tarn proved that 
the positive mass theorem [13] [16] remains valid on M (see [10J for a 



non-spinor proof). Therefore, 



(14) <h (Ho - H u ) da > lim <p (H - H u ) da = %irni ADM {gu) > 0, 

with §^(Ho — H) da = if and only if H = Hq and Q is isometric to a 
domain in IR 3 . 

3. Proof of Theorem CD 

We are now in a position to prove Theorem [TJ The basic idea is 
to deform the exterior region of a rotationally symmetric sphere in a 
spatial Schwarzschild manifold in a similar way as Shi and Tarn did on 
IR 3 , then attach it to a body surrounding horizons and apply the Rie- 
mannian Penrose Inequality to the gluing manifold. The key ingredient 
in our proof is the discovery of a new monotone quantity associated to 
the deformed metric. We divide the proof into two subsections. 

3.1. A monotonicity property for quasi-spherical metrics on a 
Schwarzschild background. Consider part of a spatial Schwarzschild 
manifold 

(15) (M™ g m ) = (V x [r , oo), j^dr 2 + r 2 da 2 ^} , 

where r n is a constant chosen to satisfy J r ° > ^ m — ^ Here 
u J | r > 0, if m < 0. 

m is the ADM mass of the Schwarzschild metric g m , r is the radial 

coordinate on [ro, oo), and da 2 denotes the standard metric on the unit 

sphere S 2 C I 3 . 

Let N be the positive function on M™ defined by 



(16) N • 2/ " 

r 
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In terms of N, g m takes the form 

(17) g m = ^-dr 2 + r 2 da 2 . 

N 2 

The next lemma follows directly from the existence theory established 
in [H] (see also [3]). 

Lemma 1. Let S be the boundary of (M™,g m ). Given any positive 
function <fi on S , there exists a positive function u on M™ such that 

(i) The metric 

2 



9u = (£) dr 2 + r 2 da 2 



has zero scalar curvature and is asymptotically flat . 

(ii) The mean curvature o/£o (with respect to the oo-pointing nor- 
mal) in (M™,g™) is equal to cf>. 

[Hi) The quotient % has the asymptotic expansion 

^ = 1 + ^ + (l 

TV r \r 



(19) ^ = l + = + 0(^) asr 



where ttiq is the ADM mass of g™. 
Proof. Consider a Euclidean background metric 

(20) ds 2 = dr 2 + r 2 da 2 

on M™ = S 2 x [ro,oo). By Theorem 2.1 in [Hj, there is a unique 
positive function v on M™ such that 

(21) g v = v 2 dr 2 + r 2 do 2 

has zero scalar curvature, is asymptotically flat and the mean curvature 
of E in (M™,g v ) is given by 4>. Furthermore, v has an asymptotic 
expansion 

m o , ~ ( 1 



(22) v = 1 + — + O . 

where mo is the ADM mass of g v . Let u = Nv, Lemma [1] is proved. □ 

We note that metrics of the form v 2 dr 2 + r 2 do~ 2 are called (shear free) 
quasi-spherical metrics 0j. By the formula (2.26) in [3] (or (1.10) in 
, the differential equation satisfied by v = uiV -1 in Lemma [1] is 

2 dv v 2 A (v — v 3 ) 



(23) -— = -A S 2v+ , . 

where A 52 denotes the Laplacian operator of the metric da 2 on S 2 
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Proposition 1. Let u, g™, mo be given in LemmaUl Let E r be the 

radial coordinate sphere in M™, i.e. E r = S 2 x {r}. Let H s , H u be the 
mean curvature ofE r with respect to the metric g m , g™. Then 

j N{H S - H u ) da 

is monotone non-increasing in r. Furthermore, 

(24) lim <p N(H S - H u ) da = 87r(m - m). 

Proof. We have H s — -N and H u = -v~ l , where v = uN~ l . Hence 



I N(H S - H u ) da = I \ t\ 



(N - Nv- 1 ) da 



(25) 



2r{N 2 - Nv" 1 ) duo, 



s 2 



where duo = r 2 da is the surface measure of da 2 on S 2 . As iV 2 = 1 — — , 

r ' 

we have 

(26) * N(H S - H u ) da = f (2r - 4m - 2rNv~ x ) duo. 

J-Er J S 2 



Therefore, 



d 



dr 



— <b N(H S - H u ) da 



s 2 



(27) 

By (1231) . we have 
(28) 



(2-2NV- 1 ) -2r—v- 1 
or 

,dv 



du 



-2 



dv 



dr 2r 

Thus the last term in (1271) becomes 
,dv 



+ $ 2rNv~ 2 — du. 

or 



1 . 
— 



2r 



2rNv~ 2 — duj 
S 2 dr 



S 2 



NA S 2V du+ (p Niv' 1 - v) du 



s 2 



(29) 



N(v~ L - v) duo, 



s 2 



where we have used the fact that N is a constant on each S r and 
<f„ 2 duo = 0. Hence the right side of (!27j) is given by 



(30) 



s 2 



(2 - 2Nv~ l ) - 2r—v~ 1 + Niv' 1 - v) 
or 



duo. 



s 
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Replace v by uN 1 , the integrand of ( l30i) becomes 

(31) 2 — N 2 vT l — 2r— — Nu^ 1 — u. 

Or 

By ( EEBD ) we have 

(32) N 2 + 2rN^ = l. 

or 

Therefore, it follows from ||27|l, (130]h and (J32j) that 

(33) / N(H S - H u ) da = - I u~\u - if du, 

which proves that §^ N(H S — H u ) da is monotone non-increasing in r. 
To evaluate limr^oo <f^ N(H S — H u ) da, we have 

(34) Nv-i = l- {mo + m) +o(\ 



by (|T6|) and (|22p . Therefore, by ff26l) we have 

(35) / N(H S - H u ) da = (b 2(m - m) du + 0(r~ l ), 

JT, r Js 2 

which implies 

(36) lim <p N(H s -H u )da = 8n(m -m). 

Proposition [T] is proved. □ 

3.2. Application of the Riemannian Penrose Inequality. In this 
section, we glue a body surrounding horizons, whose outer boundary is 
metrically a round sphere, to an asymptotically flat manifold (M™, g™) 
constructed in Lemma [H and apply the Riemannian Penrose Inequality 
and Proposition [1] to prove Theorem HJ 
We start with the following lemma. 

Lemma 2. Let Q be a body surrounding horizons. Suppose its outer 
boundary So has positive mean curvature, then its horizon boundary 
T, H strictly minimizes area among all closed surfaces in Q that enclose 

Proof. As Q is compact and the mean curvature vector of So points 
into Q, it follows from the standard geometric measure theory that 
there exist surfaces that minimize area among all closed surfaces in Q 
that enclose E#, furthermore none of the minimizers touches So- Let 
S be any such a minimizer. By the Regularity Theorem 1.3 in [9j, S is 
a C 1,1 surface, and is C°° where it does not touch E#; moreover, the 
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mean curvature of S is on S \ S# and equals the mean curvature of 
S# 7i 2 -a.e. on E n Suppose S is not identically As T, H has 
zero mean curvature, the maximum principle implies that S does not 
touch S#. Hence, S is a smooth closed minimal surface in the interior 
of Q, contradicting the assumption that Q has no other closed minimal 
surfaces except S#. Therefore, S must be identically S#. □ 

Let Q be a body surrounding horizons given in Theorem [TJ Let R 
and Rh be the area radii of So and S#, which are defined by 

(37) AnR 2 = \E \ and AirR 2 H = \E H \. 

It follows from Lemma[2]that R > Rh- To proceed, we choose (M m , g m ) 
to be one-half of a spatial Schwarzschild manifold whose horizon has 
the same area as S#, i.e. 

(38) (M m ,g m ) = (s 2 x [R H , c), T -^dr 2 + r 2 da 2 ^ , 

where m is chosen to satisfy 2m = Rh- As R > Rh, So can be 
isometrically imbedded in (M m ,g m ) as the coordinate sphere 

(39) Z R = {r = R}. 

Henceforth, we identify So with through this isometric imbedding. 
Let M™ denote the exterior of So in M m . By Lemma[T]and Proposition 
[H there exists a metric 

(40) gZ=(^) 2 dr 2 + r 2 da 2 

on M™ such that g™ has zero scalar curvature, is asymptotically flat, 
and the mean curvature of So (with respect to the oo-pointing normal) 
in (M™,g™) agrees with H, the mean curvature of So in Q. Further- 
more, the integral 

(41) j> N(H S - H u ) da 

is monotone non- increasing in r and converges to 87r(m,Q—m) as r — > oo, 
where m is the ADM mass of g™. 

Now we attach this asymptotically flat manifold (M™,(7™) to the 
compact body Q along So to get a complete Riemannian manifold 
M whose boundary is The resulting metric g M on M satisfies 

the properties that it is asymptotically flat, has nonnegative scalar 
curvature away from So, is Lipschitz near So, and the mean curvatures 
of So computed in both sides of So in M (with respect to the oo- 
pointing normal) agree identically. 
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Lemma 3. The horizon boundary is strictly outer minimizing in 
M, i.e T, H strictly minimizes area among all closed surfaces in M that 
enclose 

Proof. By the construction of g™, we know (M™,g™) is foliated by 
{H r } r >R, where each S r has positive mean curvature. Let £ be a 
surface that minimizes area among surfaces in M that encloses 
(such a minimizer exists as M is asymptotically flat). We claim that 
£ \ n must be empty, for otherwise £ \ Q would be a smooth, compact 
minimal surface in (M™,g™) with boundary lying in £o, an d that 
would contradict the maximum principle. Therefore, Ecfl. It then 
follows from Lemma [2] that £ = £#. □ 

The next lemma is an application of the "corner smoothing" tech- 
nique in [TO] . 




Lemma 4. There exists a sequence of smooth asymptotically flat met- 
rics {/ifc} defined on the background manifold of M such that {hk} 
converges uniformly to g M in the C° topology, each hk has nonnegative 
scalar curvature, £# has zero mean curvature with respect to each hk 
(in fact £# can be made totally geodesic w.r.t hk), and the ADM mass 
of hk converges to the ADM mass of g M . 

Proof. Let M' be an exact copy of M. We glue M and M' along 
their common boundary £# to get a Riemannian manifold M with 
two asymptotic ends. Let g - be the resulting metric on M and let TI Q 
be the copy of £o m M'. Denote by £ the union of E G , £# and E' , 
we then know that the mean curvatures of £ computed in both sides 
of E in M (with respect to normal vectors pointing to the same end 
of M) agree. (At E and E' , this is guaranteed by the construction 
of g™, and at this is provided by the fact that £# has zero mean 
curvature.) 

Apply Proposition 3.1 in [10J to M at S, followed by a conformal 
deformation as described in Section 4.1 in [TO] , we get a sequence of 
smooth asymptotically flat metrics defined on the background 

manifold of M, with nonnegative scalar curvature such that {^-} con- 
verges uniformly to g a in the C° topology and the ADM mass of g^ 
converges to the ADM mass of g- { on both ends of M. Furthermore, 
as M has a reflection isometry (which maps a point x e M to its copy 
in M'), detailed checking of the construction in Section 3 in [10] shows 
that {gk} can be produced in such a way that each g% also has the 
same reflection isometry. (Precisely, this can be achieved by choosing 
the mollifier (p(t) in equation (8) in [10] and the cut-off function a(t) 
in equation (9) in [10] to be both even functions.) Therefore, if we let 
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Mfc be the Riemannian manifold obtained by replacing the metric 
by gk on M, then £# remains a surface with zero mean curvature in 
Mk (in fact is totally geodesic). Define hk to be the restriction of 
gk to the background manifold of M, Lemma H] is proved. □ 

We continue with the proof of Theorem[TJ Let {hk} be the metric ap- 
proximation of g M provided in Lemma HI Let Mk be the asymptotically 
flat manifold obtained by replacing the metric g M on M by hk- For any 
surface £ in M, let |£|fc, |£| be the area of £ w.r.t the induced metric 
from hk, g M respectively. We can not apply the Riemannian Penrose 

Inequality directly to claim rriADM(hk) > That is because we 

do not know if £# remains to be the outermost minimal surface in Mk- 
However, since £# is a minimal surface in Mk, we know the outermost 
minimal surface in Mk, denoted by £&, exists and its area satisfies 

(42) |E fc | fc = inf{|£|* | teS} 

where S is the set of closed surfaces £ in M that enclose £# (see [5], 
P). By the Riemannian Penrose Inequality (Theorem 1 in [3]), we 
have 



(43) m ADM (h k ) > 

Let k approach infinity, we have 

(44) lim m ADM {h k ) = m ADM (g M ), 

and 

(45) lim \E k \ k = inf{|£| |Sg5} 

k— »oo 

where we have used ( 142]) and the fact that {hk} converges uniformly to 
g M in the C° topology. By Lemma [BJ we also have 

(46) \E H \ = inf{|£| | t G S}. 
Therefore, it follows from (j43D, flU}, gSD and (gSD that 

(47) m ADM (g M ) > 

To finish the proof of Theorem (TJ we make use of the monotonicity 
of the integral 

(48) I N(H S - H u ) da. 
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By Proposition [U we have 

I N{H S - H u ) da > lim I N(H S - H u ) da 

(49) = 8n(m -m). 
On the other hand, we know 

(50) m = in adm (fitT) = ^adm(9m), 
and 



(51) m 4 fl "=V16, 
Therefore, it follows from (l49lh (150]), (ISIl) and (1171) that 



(52) 



I N(H S - H u )da>0. 
/so 



Plug in H s = |iV, H u = H and iV = W 1 — , we then have 



Direct computation shows that (1531) is equivalent to (J3J) - Hence, ([3]) is 
proved. 

Finally, when the equality in ([3]) holds, we have 



(54) f N(H S - H u )da = 0, V r > R. 

is,. 

By the derivative formula (1331 . u is identically 1 on M™. Therefore, 
the metric g™ is indeed the Schwarzschild metric g m . Since the mean 
curvature of S G in (M™, g™) was arranged to equal H, the mean cur- 
vature of S G in f2, we conclude that H — -| (l — ^-) 2 , which is a 
constant. Theorem [1] is proved. □ 

Comparing to the equality case in Theorem 2, one would expect that 
the equality in holds if and only if Q is isometric to a region, in 
a spatial Schwarzschild manifold, which is bounded by a rotationally 
symmetric sphere and the Schwarzschild horizon. We believe that this 
is true, but are not able to prove it at this stage. A confirmation of 
this expectation seems to require a good knowledge of the behavior 
of a sequence of asymptotically flat 3-manifolds with controlled C°- 
geometry, on which the equality of the Riemannian Penrose Inequality 
is nearly satisfied. We leave this as an open question. 
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4. Some discussion 



Let £ be an arbitrary closed 2-surface in a general 3-manifold M 
with nonnegative scalar curvature. Consider the quantity 



(55) 



m(E) 



16% 



1 



1 



16tt E 



H 



where |E| is the area of E, H is the mean curvature of E in M and 
we omit the surface measure da in the integral. Theorem [1] suggests 
that, if E is metrically a round sphere, m(E) may potentially agree 
with a hidden definition of quasi- local mass of E. Such a speculation 
could be further strengthened by the resemblance between m(E) and 
the Hawking quasi-local mass [8] 



(56) 



ra#(E) 



167T 



1 



1 



167T 



By Holder's inequality, we have 



(57) 



m(E) > m#(E) 



for any surface E. On the other hand, if E is a closed convex surface 
in the Euclidean space R 3 , the classic Minkowski inequality [12] 



H da > I67HEI 



(5* 



implies that m(E) < and m(E) = if and only if E is a round sphere 
in R 3 . Therefore, even though bigger than m#(E), m(E) shares the 
same character as m^(E) that it is negative on most convex surfaces 
in R 3 . 

In order to gain positivity and to maintain the same numerical value 
on metrically round spheres, we propose to modify m(£) in a similar 
way as the Brown- York mass m^y(E) [6] is defined. Recall that, for 
those E with positive Gaussian curvature, msy(E) is defined to be 



(59) 



ra£jy(E) 



1 

8^ 



Hn da 



H da 



where Hq is the mean curvature of E when it is isometrically embedded 
in R 3 . Now suppose E is metrically a round sphere, then 



(60) 



Hr 



167r|E| 



14 



PENGZI MIAO 



In this case, we can re-wriite m(E) as either 



(61) 



777(E) 



16tt 



k H 
k H o 



or 



(62) 



777(E) 



1 

16tt 



He 



k H o 



This motivates us to consider the following two quantities: 
Definition 1. For any E with positive Gaussican curvature, define 

2" 



(63) 
and 
(64) 



771! (E) 



16% 



m 2 (E) 



167T 



1 



kH 
k H o 

k H 

k H o 



where H is the mean curvature ofiE in M and Ho is the mean curvature 
of E when it is isometrically embedded in M 3 . 

The following result compares m^(S), 7771(E), m 2 (E) and m^y(E). 

Theorem 3. Suppose E is a closed 2-surface with positive Gaussian 
curvature in a 3-manifold M. Then 

(i) mi(E) > ?rif/(E), and equality holds if and only if 'E is metri- 
cally a round sphere and E has constant mean curvature. 

(ii) mgy(S) > 7712(E), and equality holds if and only if k Ho do- = 
k H da. 

(iii) Suppose E bounds a domain Q with nonnegative scalar curvature 
and the mean curvature of E in Q is positive, then 

m 2 (E) > rai(E) > 0. 

if and only if Q is isometric to a domain 
777! (E) if and only if either Q is isometric 



Moreover, 7771(E) - 
in 1R 3 , and ?77 2 (E) 



to a domain in M. 3 in which case 777 2 (E) 
metrically a round sphere. 



777 1 (E) = or E is 



Proof, (i) Let m(E) be defined as in (|55l) . By the Minkowski inequality 
( |58|) . we have ?77i(E) > 777(E). By ( |57|) . we have m(E) > tt7h(E). 
Therefore, 7771(E) > mn (S) and equality holds if and only if E is 
metrically a round sphere and the mean curvature of E in M is a 
constant. 
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(ii) This case is elementary. Let a = §^H and b = ^Hq. Then 

is equivalent to the inequality (l — |) 2 > 0. 

(iii) By the result of Shi and Tarn [2], i.e. Theorem [21 we have 

(65) 1 - ( ^?^r) > 



with equality holding if and only if Vt is isometric to a domain inR 3 . (iii) 
now follows directly from (I6"5l) and the Minkowski inequality f|5^|) . □ 

Suppose Q is a compact 3-manifold with boundary with nonnegative 
scalar curvature and its boundary dfl has positive Gaussian curvature 
and positive mean curvature. Theorem [3] implies that 

(66) m BY (dn) > m 2 (dQ) > m^dQ) > m H (dQ) 

with rrii(dQ) > and ?7iBy(<9fi) = m#(dfi) if and only if Q is isometric 
to a round ball in IR 3 . This provides a slight generalization of a pre- 
vious result of Shi and Tarn (Theorem 3.1 (b) in [15J), which showed 
mgy(<9f2) > m H {dVt). 
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